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Abstract. A measure-preserving action of a discrete countable group on a 
standard probability space is called stable if the associated equivalence relation 
is isomorphic to its direct product with the ergodic hyperfinite equivalence 
relation of type Hi . We show that any Baumslag-Solitar group has such an 
ergodic, free and stable action. It follows that any Baumslag-Solitar group is 
measure equivalent to its direct product with any amenable group. The same 
property is obtained for the inner amenable groups of Vaes. 



1. Introduction 

We mean by a p.m. p. action of a discrete countable group a measure-preserving 
action of the group on a standard Borel space equipped with a probability measure, 
where "p.m. p." stands for "probability-measure-preserving" . A p.m. p. action of a 
discrete countable group is called stable if the associated equivalence relation is 
isomorphic to its direct product with the ergodic hyperfinite equivalence relation of 
type Hi. Due to Connes-Feldman- Weiss [4] and Ornstein- Weiss [19], any ergodic, 
free and p.m. p. action of any infinite amenable group gives rise to the ergodic 
hyperfinite equivalence relation of type Hi. It is a challenging problem to decide 
whether a given group has an ergodic, free, p.m. p. and stable action unless the 
group virtually has a direct summand which is infinite and amenable. 

Jones-Schmidt |15j characterized stability of ergodic p.m. p. actions in terms of 
asymptotically central sequences. In [T5J Example 4.4], they also noticed that for 
any collection of countably infinitely many, non-trivial discrete countable groups, 
{G n } n , and for any ergodic, free and p.m. p. action G n rx (A n ,/x„), the product 
action of the direct sum, ®„G„ rx Yl n (X n> [i n ), is stable. 

On the other hand, Zimmer [24] obtained certain indecomposability results on 
equivalence relations arising from semisimple Lie groups. Adams [1] showed that 
for any ergodic, free and p.m. p. action of a non-elementary word-hyperbolic group, 
the associated equivalence relation cannot be written as the direct product of two 
discrete measured equivalence relations of type Hi. Such indecomposability is also 
obtained for any equivalence relation with its cost more than 1 or its first £ 2 -Betti 
number positive in [10] and [11] . and for the equivalence relation associated with 
any action of the mapping class group of a surface in [TB] . More strongly, the von 
Neumann algebras associated with various group actions are shown to be prime in 

®, [a, m, m, m and m- 
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For two integers p, q with 1 < \p\ < \q\, the group with the presentation, 

BS(p,q) = (a,t\ taPr 1 = a q ), 

is called the Baumslag-Solitar group. The group BS(p, q) is amenable if and only 
if |p| = 1. If 2 < \p\ = \q\, then BS(p, q) has a finite index subgroup isomorphic to 
the direct product of the infinite cyclic group Z with a non-abelian free group of 
finite rank. It readily follows that there exists a free and stable action of BS(p,q) 
unless 2 < |p| < \q\. If 2 < \p\ < \q\, then no finite index subgroup of BS(p, q) has 
an infinite, amenable and normal subgroup. This is proved through the action of 
BS(p, q) on the Bass-Serre tree and its boundary, as discussed in the first paragraph 
of [17l Appendix B]. We could expect Adams' argument in [1] applicable to BS(p, q) 
because the action of a word-hyperbolic group on its compactification plays an 
important role in his proof. By contrast, applying Jones-Schmidt's characterization 
of stable actions, we show the following: 

Theorem 1.1. Let p and q be integers with 2 < \p\ < \q\. Then BS(p, q) has an 
ergodic, free, p.m.p. and stable action. In particular, for any amenable, discrete and 
countable group A, the group BS(p, q) is measure equivalent to the direct product 
A x BS(p, q). 

Any discrete countable group having an ergodic, free, p.m.p. and stable action is 
inner amenable (see [15l Proposition 4.1]). Theorem 11.11 therefore implies that any 
Baumslag-Solitar group is inner amenable. The latter was proved by Stalder [2"2] . 
We should compare Theorem 11.11 with Fima's result in [7] that the von Neumann 
algebra of BS(p, q) with 2 < \p\ < \q\ is prime, is not solid and has no Cartan subal- 
gebra. After posting the first draft of this paper on the arXiv, we were informed by 
Narutaka Ozawa that the von Neumann algebra of BS(p, q) has property Gamma. 
This also implies that BS(p, q) is inner amenable. 

Let Q denote the field of rational numbers. For a set of prime numbers, S, we 
define Zg as the subring of Q generated by all 1/s with s 6 S. As an application 
of Theorem 1 1.1[ we obtain the following: 

Theorem 1.2. Let p and q be integers with 2 < |p| < |<7| . Let S be a set of prime 
numbers dividing neither p nor q. We denote by a the isomorphism from p7,s onto 
qliS multiplying by q/p. Then the HNN extension of Zs relative to a is measure 
equivalent to BS(p, q). 

In [151 Problem 4.2], Jones-Schmidt asked whether any inner amenable group 
has an ergodic, free, p.m.p. and stable action. Recently, Vaes [23] discovered an 
inner amenable group G whose von Neumann algebra LG is a factor and does not 
have property Gamma. This solved a longstanding problem posed by Effros [5]. 
In particular, LG is not isomorphic to its tensor product with the hyperfinite Hi 
factor. The Vaes group G could therefore be a candidate of a counterexample to 
the above Jones-Schmidt's question, whereas we show the following: 

Theorem 1.3. The Vaes group G has an ergodic, free, p.m.p. and stable action. 
In particular, for any amenable, discrete and countable group A, the group G is 
measure equivalent to the direct product A x G. 

The construction of a stable action of the group G is fairly similar to that for 
Baumslag-Solitar groups. 



STABILITY IN ORBIT EQUIVALENCE 



3 



This paper is organized as follows. In Section [2j we review the characterization 
of stable actions due to Jones-Schmidt, and introduce the notation and terminology 
employed throughout the paper. Theorem II .11 is proved through Sections [3] and 2] 
In Section |3l focusing on a certain solvable quotient of BS(p, q), we construct its 
p.m. p. action based on the odometer action of Z. In Section[4l using this action, we 
obtain an ergodic, free, p.m. p. and stable action of BS(p, q). As a by-product, we 
also find such a stable action of the normal subgroup of BS(p, q) generated by a. In 
the case of p = 1, although BS(1, q) is amenable, our construction of stable actions 
is still available, and reduces to the construction in Section [3] This will help us to 
get an intuition for a general case. In Sections [5] and [6j Theorems 11.21 and 11.31 arc 
proved, respectively. 

2. Preliminaries 

Let N denote the set of non-negative integers. Let Z_ and Z + denote the set of 
negative integers and the set of positive integers, respectively. 

2.1. Jones-Schmidt's characterization of stability. We mean by a standard 
probability space a standard Borel space equipped with a probability measure. All 
relations among Borel sets and maps that appear in the paper are understood to 
hold up to sets of measure zero, unless otherwise stated. 

Let (X, /x) be a standard probability space. We denote by Bx the cr-algebra of 
Borel subsets of X . Let 1Z be an ergodic, discrete measured equivalence relation on 
(X, fi) of type Hi. For x £ X, let IZx denote the equivalence class of 1Z containing 
x. We define [1Z] as the full group of 1Z, that is, the group of Borel automorphisms 
U of (X, /x) with Ux 6 IZx for a.e. 

A sequence {_Bj} je N in Bx is called an asymptotically invariant (a.i.) sequence 
for 1Z if for any U £ [1Z], we have linx, /j,(UBj A Bj) = 0. An a.i. sequence {JSj jjgN 
for 1Z is called trivial if we have linx, fi(Bj)(l — /i(Bj)) = 0. 

A sequence {Uj}j^jq in [7Z] is called an asymptotically central (a.c.) sequence for 
1Z if the following two conditions hold: 

(a) For any B G Bx, we have linx,- fi(UjB A B) = 0. 

(b) For any V € [R], we have linXj /x({ xel UjVx ^ VUjX }) = 0. 

An a.c. sequence {Uj}j & ^ for [72] is called trivial if we have linx, /j,(UjBj A Bj) = 
for any a.i. sequence {Bj}j G f^ for 1Z. 

We mean by a discrete group a discrete and countable group. Let G be a discrete 
group, and let G rx (X, fi) be an ergodic p.m. p. action. We define 1Z(G rx (X, /x)) as 
the discrete measured equivalence relation associated with the action G rx (X,/j,), 
that is, 

1Z(G rx (X, it)) = { (gx, x) G X x X \ g 6 G, xeX}, 

which is often denoted by 1Z(G rx X) if /i is understood from the context. An a.i. 
sequence for 7Z(G rx X) is also called an asymptotically invariant (a.i.) sequence 
for the action G rx (X,/.i). Similarly, an a.c. sequence for 1Z(G rx X) is also called 
an asymptotically central (a.c.) sequence for the action G rx (X,/i). We note that 
a sequence {Bj}j^jq in Bx is a.i. for the action G rx (X,/j,) if and only if for any 
g G G, we have linx,- [J,(gBj A Bj) = 0. We also note that a sequence {J7j} je N in 
[7Z(G rx X)] is a.c. for the action G rx (X, fi) if and only if it satisfies condition (a) 
in the definition of an a.c. sequence and the following condition: 

(c) For any g G G, we have limj tt({ iel Ujgx ^ gUjx }) = 0. 
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These remarks are noticed in [TSJ Section 2] and [HI Remark 3.3], respectively. 

Lemma 2.1. Let TZ and S be ergodic, discrete measured equivalence relations of 
type on standard probability spaces (X,/j,) and {Y,v), respectively. Let n: X — >• 
Y be a Borel map with ir*(i — v and n(TZx) C Sn(x) for a.e. x G X . Lf {Bj}j<=fs is 
an a.i. sequence for S , then {7r _1 (_Bj)}j 6 N is an a.i. sequence for TZ. 

Proof. For j G N, we set Aj = -^^(Bj). Pick g G [TZ] and e > 0. It is enough to 
show that fi(gAj\Aj) < e for any sufficiently large j G N. By [5J Theorem 1], we can 
find a discrete group H and a p.m. p. action of H on (Y, v) such that the associated 
equivalence relation is equal to S. Let {h n } ne n be an enumeration of all elements of 
H with N a countable set. There exists a countable Borel partition X = \_\ neN X n 
such that for any n G N and a.e. x G X n , we have Tr(gx) — h n Tr(x). Let F be a 
finite subset of iV with /i (X \ U,igf X n ) < e/2. Choose a number JgN such that 
for any n € F and any j £ N with j > J, we have v{h n Bj A Bj) < e/(2|F|). For 
any n G N and j G N, the inclusion 

g(Aj n X„) \ Aj C { x G X | TrCg" 1 ^) G Bj, hnirig^x) = ir(x) £ B 3 } 

holds. For any jeff with j > J, we therefore obtain the inequality 

fi(gAj \ Aj) < ii I X \ |J X n j + / i(.g(A J n X„) \ A,) < e . 

The lemma is proved. □ 

Let IZo be the ergodic hyperfinite equivalence relation on a standard probability 
space (Xq, Ho) of type Hi . An ergodic, discrete measured equivalence relation TZ on 
a standard probability space (X. ji) is called stable if TZ is isomorphic to the direct 
product TZ x TZq on (X x Xo, fi x /io) defined as 

ft x ft = { ((x, x ), (y, yo)) G (X x X ) 2 | (x, y) G TZ, (x , y ) G TZ }. 

An ergodic p.m. p. action G rx (X, fj) is called stable if 7?.(G rx X) is stable. Jones- 
Schmidt obtained the following characterization of stability. 

Theorem 2.2 ( [15[ Theorem 3.4]). An ergodic discrete measured equivalence rela- 
tion of type Hi is stable if and only if it has a non-trivial a.e. sequence. 

2.2. Abelian groups associated with integers. Fix an integer I with I > 2. Put 
E = Z. We define a ring E\ as the projective limit hm E/l n E, which is compact 
and unital. We have an embedding of E into Ei through the canonical projection 
from E onto E/l n E. Each element x of Ei is uniquely written as the formal sum 
x = J2iLo x il l with Xi G {0, 1, . . . , I — 1} for any i G N. 

The additive group Ei is torsion-free. In fact, if /c is a positive integer and a is an 
element of E\ with ka = 0, then choosing a sequence {mi}i £ N in E approaching a, 
we obtain the sequence {knii}^ in E approaching 0. It follows that for any neN, 
there exists a number / G N such that for any i £ N with i > L, the number knii 
is divisible by l n . This is equivalent to that for any n G N, there exists a number 
JeN such that for any i G N with i > J, the number mt is divisible by l n . We 
therefore have a = 0. The claim is proved. 

Let i?; denote the ring of fractions of Ei by the multiplicative subset S — { l n G 
E | n G N}. The ring Ri consists of equivalence classes of all elements in Ei x S, 
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where two elements (a, s), (b,t) G Ei x S are equivalent if and only if there exists 
an element u G S with (at — bs)u = 0. The equivalence class of (a, s) G Ei x S is 
denoted by a/s. Using that the additive group Ei is torsion-free, we can show that 
Ei is naturally a subring of Ri. The subring of Ri generated by l/l is isomorphic 
to the ring Z[l/Z]. 

Suppose that we have two coprime integers p, q with 2 < p < q and I = pq. We 
define as the subgroup of Ri generated by Ei and all elements of the form \/q n 
with n G N. Similarly, we define as the subgroup of Ri generated by Ei and 
all elements of the form l/p m with m G N. Each clement a; of Ri, q \ Ei is uniquely 
written as the formal sum 

oo 

X = x n q n + x n+1 q n+1 H h x^q^ 1 + ^ x 3 13 

3=0 

with n G Z_; G {0, 1, . . . , q — 1} for any integer i with n < i < —1; x„ 7^ 0; and 
£j G {0, 1, . . . , I — 1} for any j G N. Since p and q are coprime, the element x is 
also uniquely written as the formal sum 

(\n / \ n+1 / \ — 1 00 

with t/j G {0, 1, . . . , q — 1} for any integer i with n < i < —1; y n ^ 0; and 
Uj G {0, 1, — 1} for any j G N. The coefficients y n , y n +i, ■ ■ ■ arc inductively 
determined by x n , x n+ i, . . ., and the difference J2JLo ~ Sjlo Vj^ ^ es m ^- We 
also have similar expansions of elements of Ri. p \ Ei. 

3. Actions of certain solvable quotients 

Throughout this section, we fix two coprime integers p, q with 1 < p < q. Wc 
set Go = Go(p, q) = Z[l/p, 1/q]. Let a denote the multiplicative unit 1 in Go- Let t 
denote the automorphism of the group Go multiplying by q/p. We define a discrete 
group G = G(p, q) as the semi-direct product of Go and the infinite cyclic group 
generated by t. Note that for any positive integer r, the group G is a quotient of 
the group BS(rp, rq). The aim of this section is to construct an interesting ergodic 
p.m. p. action G rx (Y, v), which will be used in the next section. 

3.1. The case of p = 1. We assume p = l. The group G then has the presentation 
(M| tat- 1 = a q ). We set 

Y = l[{0,l,...,q-1} 

z 

and define a probability measure v on Y as the direct product of the uniformly 
distributed probability measure on {0, 1, . . . , q— 1}. Let a act on Y by the odometer 
adding 1 to the 0th coordinate and increasing digits toward positive coordinates. 
More precisely, for each y — (y n ) n ^z G Y, the element ay — (z n ) n ^z is determined 
by the formula z n — y n for n G Z_ and the equality 

00 00 

1 + Vnqn = S Znqn 

n=0 n=0 

in the group E q . Let t act on Y by the shift toward the right. Namely, for each 
U = (Unjnei. £ Y, the element ty = (w n ) nl =z is determined by the formula w n — 
y n -\ for n G Z. This defines an ergodic p.m. p. action of G on (Y, v). 
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3.2. The case of p > 1. We assume p > 1. The group G then has the presentation 
so that generators are ai for i G Z and t, and relations are [ai,aj] = e, af +1 = af 
and tciit^ 1 = aj+i for any i, j G Z. Note that for each i 6 Z, ^ corresponds to the 
number (q/p) 1 G Z[l/p, 1/q]. Under this identification, we have clq = a. 
We set 

y_ = JJ{o,i,...,«-i}, r = n{°' 1 '---'W-i}, r+ = []{o,i,...,p-i}. 

Z_ N Z + 

We define a probability measure V- on y_ as the direct product of the uniformly 
distributed probability measure on {0, 1, ... , q— 1}. Similarly, we define probability 
measures vq and v + on Y and F + , respectively. We set 

(Y,v) = (Yl,i/_) x (Fo,^o) x 

The set Y is identified with the group E pq under the map sending each element 
(xk)keN 01 Yo to the sum J^feGN x k(pq) k ■ In the following argument, it is convenient 
to regard each clement of Y, 

y = ((y n )nez-,yo, (y m ) m & + ) g y_ x Y x Y + , 

as the formal sum 

- + »-»(;) + ^ + 2/^+2/2 (£) +•••• 

We now define elements aty G y for i G Z and G y. 
Let a act on Y by adding 1 on y , that is, set 

= ((j/n)n£Z_ , 1 + 2/0, (j/m)m€Z+), 

where yj is identified with the group E pq . For each i G Z_, let a, act on y by 
adding (q/p) 1 to y. More precisely, the element 

= ((z»)nez^ 1 z ,(z m ) m& z + ) G Yl x Y x y + 

of y is determined by the formula z n — y n for any n G Z with n <i — 1 or n > 1 
and the equation 

(£) +» = i>(;) +*° 

v ^ 7 n—i K ' n—i v 7 

in the group R pq . Similarly, for each j G Z + , let aj act on y by adding (q/pY to 
y. More precisely, the element 

ajy = ((w n ) ne z_,w ,(w m ) m ez + ) £Y-xY xY+ 

of y is determined by the formula w n = y n for any n G Z with n < — 1 or n > j + 1 
and the equation 

i / \ m / \ j j / 

2>(S) = «» + £-■■ " 



in the group R pq . One can check that for any i G Z, the Borel automorphism of 
y defined above preserves the measure v, and that for any i,j G Z, the relations 
[o», aj] = e and af +1 = hold. 
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Let r\: Yo — > {0, 1, . . . ,p — 1} be the Borel map defined so that for any x G E pq , 
the clement x — r/(.r) belongs to pE pq . We define £y G Y by the formula 

ty=((Vn-l)neZ-: V-l + ~{VQ ~ ViVo)), (^(j/o), 2/1,2/2, •--))• 

Lemma 3.1. The map t:Y^rY defined above is a Borel automorphism ofY and 
preserves the measure v. 

Proof. Let Y) — > {0,1, ...,q — 1} be the Borel map defined so that for any 
x G Epq, the element x — C{x) belongs to qE pq . The inverse of the map t is the map 
sending each element y of Y , written as 

V= ((l/n)neZ->2/0, (2/m)mez+) G Y_ x Y x Y + , 

to 

(( • ■ • ,y-2,y-i,C(yo)), -(yo - C(yo)) +yi, (2/ro+i)mez+) e Y_ x Y x Y+. 

The map t is thus a Borel automorphism of Y. 
Let N and M be positive integers. Pick 

k- N , k-N+i, • • • , k-x G {0, 1, . . . , q - 1} and h,h, - ■■ ,hi G {0, 1, . . . ,p - 1}. 

We also pick i G {0, 1, . . . ,p — 1} and a Borel subset A oi i + pE pq . We define the 
Borel subset of Y, 

# = { {{y n ) n , yo, (j/m)m) e Y I y n = fe„, Vn g {-iV, -JV + 1, . . . , -1}, 

yo e -4, J/m = lm, Vm G {1, 2, . . . , Af} }. 
We then have v(B) = q^ N u (A)p^ M and 

tB = { ((y n )„, y , (y m ) m ) eY\y n = fe n _ 1; Vn G {-JV + 1, -iV + 2, . . . , -1}, 

y e fc-i + -(-« + -4), yi =i, Vm = l m -i, Vm G {2, 3, . . . ,M + 1} }. 

The equality v(tB) = q~ N+1 (p/ 1 q)v (A)p- 1 p- M = v(B) thus holds. It follows that 
t preserves v. □ 

One can directly check the relation ta^ 1 = a i+1 as Borel automorphisms of Y 
for any i 6 Z. We therefore obtain a p.m. p. action of G on (Y, z/). 

Let So denote the equivalence relation on (Y, v) defined as follows: Two elements 
of Y, 

y = ((j/n)nez_, (y»)»6N, (j/m)m£Z + ) and z = ((z n ) ne z_, (Zi)ieH, (z m )mez + ), 

are equivalent in 5o if and only if y n = z n for all but finitely many n G 7L_ , yi = Zi 
for all but finitely many i G N, and y m — z m for all but finitely many m G Z + . For 
a.e. y G Y, the equivalence class of y with respect to S is equal to the orbit of y 
under the action of the subgroup Go on Y. The action of Go on (Y, v) is therefore 
ergodic. 

Remark 3.2. In the above construction of the action G (Y, v ), if we substitute 1 
for p, then Y + consists of a single point, and the action coincides with the action 
constructed in Section 13.11 We however decided to discuss the cases of p = 1 and 
p > 1 individually to avoid confusion. 

Let 8 : Y — > Yo denote the projection. The following lemma will be used in the 
proof of Lemma 14.51 
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Lemma 3.3. For any s G Go and a.e. y G Y , there exists a number K = K(s,y) G 
N such that for any k G N with k > K, we have 6(t~ k sy) = 6(t~ k y). 

Proof. The product of two elements of the group Go is denoted multiplicatively. 
Suppose that the lemma is true for s\, s 2 G Go- For a.e. y G Y and any integer k 
bigger than K(s\,s 2 y) and K(s2,y), the equality 

9(t- k ( Sl s 2 )y) = 6(t- k Sl (s 2 y)) = 9(t- k s 2 y) = 9(r k y) 

holds. The lemma is therefore true for sis 2 . 

It is enough to show the lemma when s — t % at~ l = (q/p) 1 for some i € Z because 
all elements of this form generate Go- If i is non- negative, then for any integer k 
and any y G Y, we have the equalities t~ k sy = t~ k+l+1 (t^ 1 ^ 1 st t+1 )(t^ l ^ 1 y) and 
t~ l ~ 1 st t+1 = (q/p)^ 1 . It is therefore enough to show the lemma when s = {q/p) 1 
with i G Z_. 

For n G Z_, let p n : Y — > {0, 1, . . . , q — 1} denote the projection onto the nth 
coordinate of YL. For m G N, we define a Borel map r m : F — V {0, 1, . . . , q — 1} by 
T m (y) = p-i^-™- 1 ^) for y EY. We have the equality p„(t = /^(V™- 1 ?/) 
for any m G N, n G Z_ and y G Y . 

Claim 3.4. The Borel subset of Y , 

A = {y G Y | T m (y) > q - p, Vra G N }, 

has zero v-measure. 
Proof. For k G N, we set 

A fe = { y G Y | r m (y) > q - p, Vm G {0, 1, . . . , k} }. 
For any k G N and any y = ((y n ) n ,y , (y m )m) G Y, we have 

/ \ —k — 2 — 1 / \ n 

The inclusion 

-l 

t-^^fcC f| p^({«-p,«-p + l,...,g-l}) 

n— — fc— 1 

thus holds. It follows that v(A k ) = v(t^ k ^ 1 A k ) < (p/q) k+1 . The inclusion A C A k 
for any k G N implies that =0. □ 

Claim 3.5. Fix n,m G Z+. _PicA; a number z\ G {0, 1, . . . , q — 1} indexed by each 
integer I with — n — m + 1 < I < —n. If Z- n < q — p — 1, then for each integer I 
with —n — m + 1 < I < —n, there exists a unique number z[ G {0, 1, . . . , q — 1} with 

(\ —n — m —n / \ I —n / 

; + £ * ; - S <| 
^ 7 l = -n-m+l KF/ l=-n-m+l VF 

Proof. We find the number by induction on m. If m = 1, then the equation 

)-n— 1 / \ — ri / 
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holds. It thus suffices to set z'_ n =p + z- n . In general, if p+Z- n -m+i <<?— l,then 
we set z'_ n _ m+l = p + z-n-m+i and z[ — zi for any I with —n — m + 2 < I < —n. 
Otherwise, the left hand side of the equation in the claim is equal to 

(\ —71 — 771 + 1 / \ —77 — 777 + 1 —77 / \ / 

V) W ,„77 + 2 W 

By using the inequality < p + z_ n _ m+ i — q < q — 1 and the hypothesis of the 
induction, we can find the number z[ in the claim. Uniqueness of z[ holds because 
p and q are coprime. □ 

We now prove Lemma [5751 for s = (q/p) 1 G Go with i 6 Z_. Fix K G N. For any 
k £ N with k > K and any y = ((y n ) n ,yo, (y m )m) e Y, we have 

— 1 — k / \ 77 — k + K j \ 777 

t- k y = ---+ y-+ k {l) + E w fe (y)^J +■••• 

The equalities t~ k sy = t~ k st k (t~ k y) and t~ k st k = {q/p) % ~ k imply that i _fe s?/ is 
obtained by adding (q/p) l ~ k to t~ k y. If < q—1, then the coordinates oit~ k sy and 
f -fc y except for the (i — fc)th one of F_ are equal. If j/i = q— 1 and Tx(y) < <?— p— 1, 
then by Claim 15751 the coordinates of t~ k sy and i -fc y except for the jth one of K_ 
with i — k<j < —k + K are equal. We thus have 0(t~ k sy) = 9(t~ k y) for any k e N 
with k > K and any i/ey with Tx(y) < 9 — £> — 1- Lemma 13.31 then follows from 
Claim |57J □ 



4. Stable actions of Baumslag-Solitar groups 

Throughout this section, we fix two coprime integers p, q with I < p < q, and 
fix a positive integer r with rp > 2. We set 

T = BS(rp, rq) = {a,t\ to* 1 ** -1 = a r? > 

and set _E = (a). Let 7? be the normal subgroup of T generated by a. The quotient 
group T/H is isomorphic to Z and is generated by the image of t. Let Go = Go(p, q) 
and G = G(p, g) be the groups defined in the beginning of Section [3] We have the 
surjective homomorphism e : V — > G sending a to the multiplicative unit 1 of Go 
and sending t to the automorphism of Go multiplying by q/p. Let N be the kernel 
of e. 
We set 

x=n{o,i} 

N 

and define a probability measure on X as the direct product of the uniformly 
distributed probability measure on {0, 1}. We define an ergodic p.m. p. action of T 
on (X, fj.) so that a acts on it trivially, and t acts on it by the odometer adding 1 to 
the 0th coordinate of X and increasing digits toward the right. Note that H acts 
on X trivially. For j £ N and lo, l\, . . . , lj g {0, 1}, we set 

X(l 0l h,..., lj) = {(x„) neN e X | x = lo, Xi=h,...,Xj = lj }. 

Let G rx (Y, v) be the action constructed in Section 03 Let Y act on (Y, v) through 
the homomorphism e : T —> G. 
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4.1. Co-induced actions. We set 

Z =J[{0,l,...,pq-l} 

N 

and define a probability measure £o on Zq as the direct product of the uniformly 
distributed probability measure on {0,1,..., pq — 1}. Let E act on (Zq,£o) by 
odometers so that a adds 1 to the Oth coordinate and increases digits toward the 
right. We set 

(z,o = l[(z ,z ) 

T/E 

and define an action of V on (Z, £) as the action co-induced from the action E rx 
(2To,£o)- Namely, fixing a section s: T/E — > T for the canonical map from T onto 
T/E, for 7 £ T and f £ Z , we define an element 7/ £ Z by the equation 

( 7 /)(«) = rVGS) 

for a G T/E 1 , where b £ E and /? € T/i? are the unique elements determined by the 
equation s((3)b = 7~ 1 s(a). This indeed defines a p.m. p. action of T on £). One 
can check that this action is essentially free, that is, the stabilizer of a.e. point of Z 
for the action is trivial, by using that the action of E on (Zq, £0) is essentially free. 
The construction of co-induced actions appears in (T2l Section 3.4]. 

Lemma 4.1. The following assertions hold: 

(i) For any g £ T, there exist K, K' ', L, V £ N such that K + L = K' + L' and 

X 1 7 RT 7 m K + k n L + l -1 rn ir ' + ' c f7- L '+ ! 

/or any we have ga F q g — a p q 

(ii) For any sequence {nk}keN of positive integers and any Borel subset B of 
Z , we have 

lim ((a r "' (M)t BAi3)=0. 

k— >QO 

This convergence is indeed uniform with respect to the sequence {nk}keN- 
Namely, for any e > and any Borel subset B of Z , there exists K £ N 
such that for any sequence {nk}ken of positive integers and for any k £ N 
with k>K, we have ^(a" 1 "^" B A B) < e. 

(iii) The action of N on (Z, £) is ergodic. 

Proof. The presentation of T implies that for any g £ T, there exist K, L £ N with 
ga rpKqL g- 1 £ E, which is equal to a rpK ' qL ' for some K',V £ N with K + L = 
K' + L'. The equality in assertion (i) then follows. 

By the definition of odometers, for any sequence {mk}ken of positive integers 
and any Borel subset C of Zq, we have 

lim (o(i"" (M) 'CAC)=0, 

k— >oo 

and this convergence is uniform with respect to the sequence {mk}k£N- Let F be a 
finite subset of T/E. By assertion (i), there exist K, L £ N satisfying the following: 
For any a £ F, we have K a ,L a £ N such that K + L = K a + L a , and if {nk}k£fi 
is a sequence of positive integers, then for any k £ N with k > K + L, the equality 

= s ( a ) a -™*P ff " + 1 ? I ' Q + K (P9) fc ~ A "~ L 
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holds. Let ttf- Z — > Y[ F be the natural projection. For any sequence {nk}keN 
of positive integers and any Borel subset D of Y[p Zq, we therefore have 

lim £(a r " fc ( p<? ) fe 7r F 1 (£>) A 7r^ 1 (£))) = 

k— >oo 

uniformly with respect to the sequence {nk}keN- Assertion (ii) is proved. 

The assumption rp > 2 implies that N is infinite. Assertion (iii) holds because 
N acts on Y/E freely. □ 

We set 

(W» = (A, M )x(>»x(Z,0 
and define a p.m. p. action T r> (W, u) as the diagonal action so that for 7 £ T and 
w = (x,y,z) G W, we have 7W = (72;, 77/, 72:). The action T rv (W, w) is ergodic 
because so are the actions A rv (.Z,£), -ff/A rv (Y, v) and T/iJ rv (X,fi). The 
action T r> (W, to) is essentially free because so is the action T r\ (Z,£). We will 
show that the action T n* (W,u>) has a non-trivial a.c. sequence and is therefore 
stable. This is enough to show Theorem ll.il for T because one can find a T-invariant 
conull Borel subset of W on which T acts freely. 

4.2. The case of p = 1. We assume p = 1. Fix a positive integer M with g M > r. 
We set 

S = H{0,l,...,q M -1} 

N 

and define a probability measure a on S as the direct product of the uniformly 
distributed probability measure on {0, 1, . . . , q M — 1}. The odometer relation on 
(S, a), denoted by TZq, is defined so that two elements (cj)j, (cQ^ € S 1 are equivalent 
if and only if for any sufficiently large ieN, we have Cj = c! i . 
Recall that we have constructed the action of T on the space 



r = JJ{0,l,...,g-l} 



with the probability measure v. Let V act onlxY diagonally. For each j G N, 
we define 9j : X x Y — > {0, 1, . . . , q — 1} as the projection onto the jth coordinate 
of Y. 

We define a Borel map ir: X x Y — > S as follows. Pick an element 

A = ((iCn)neN, (j/m)mez) G ^ X F. 

For each j £ N, the jth coordinate of 7r(A) S S, denoted by 7r(A)j, is defined by 

M-l M-l 

7r ( A )i = S ^'M+fe(^ a;o " 2a;i "-" 2J2:j A)g fc = ^ y J M+fc+ ;co +2 ;cl +... + 2 J ^9 fc - 

fc=0 fc=0 

Lemma 4.2. In f/ie above notation, the following assertions hold: 

(i) TTie equality 7T* (/x X 1/) = a holds. 

(ii) .For any j £ N, the map : X x Y — > {0, 1, . .. ,q M — 1} is invariant 
under the restriction of t to the subset of X x Y , 

(X\X(l,...,l))xY, 

that is, for any element X of this subset, we have Tt(t\)j = n(X)j. 

(iii) For a.e. A e X x Y, we have n(TX) C TZon(X). 
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Proof. Pick del and ho, hi, ... ,hd £ {0,1, ... , q M - 1}, and set 
T = { {ci)i e n S S | c = ho, ci = hi, . . . ,c d = h d }. 
To prove assertion (i), it suffices to show that (/i x i/)(7r _1 (T)) = g~( d+1 ) M . We set 

M-l ~* 



il = X(0, . . . , 0) and Aj = ^ (y„)„ eZ G K 



X] VjM+kq k = hj 

k=0 



for each j G {0,1,..., d}. For each integer I with < / < 2 d+1 — 1, we denote by 
lo, h, ■ ■ . , Id G {0, 1} as the numbers determined by the equation I = Iq +2li + ■ — h 
2 d ld- We then have the equality 



d 



7r~ 1 (T) = [J (t l Q)x \f]t'<' +2h+ - +2Jl -A 3 

1=0 \j=0 

Fix an integer I with < I < 2 d+1 — 1. For any j £ {0,1,..., d}, we have 



t i M+ -+in iA . = i (j/n)neze y 



Af-1 



^ 2/jM+fe+; +2/ 1 +---+2j; j 9' c — hj 



k=0 




The inequality 

jM + M - 1 + lo + 2h + ■ ■ ■ + 2 j lj < (j + 1)M + 1 + 2h + ■ ■ ■ + 
for any j G {0, 1, . . . , d — 1} implies that 

\ 

p| t l +2h+---+2 ] lj ^ _ q -(d+l)M 
1=0 J 

It follows that (/j x i/)(7r _1 (T)) = g-( d+1 ) M . Assertion (i) is proved. 

Assertion (ii) follows from the definition of 7r(-)j. Assertion (ii) implies that for 
a.e. A G X x Y, the element w(tX) belongs to TZoir(X). The action of H on (Y, v) 
generates the odometer relation on (Y, v) so that two elements (y n )n, (y' n )n G Y 
are equivalent if and only if for all but finitely many n £ Z, we have y n = y' n . The 
action of H on (X, /i) is trivial. By the definition of tt, for a.e. A G X x Y, we have 
tt(HX) C TZott(X). Assertion (iii) is proved. □ 

For j G N, we set 

Cj = { { Ci ) l&i G S | c 3 = } G B s , Bj = TT-\Cj) xZeB w . 
For any j G N, we then have ui(Bj) = cr(Cj) = q~ M . The sequence {CjjjgN is an 



a.i. sequence for the odometer relation IZq. It follows from Lemma l2.1l and Lemma 
4.21 fi). (iii) that {Bj}j^ is an a.i. sequence for the action T rx (W, u>). We define 
Uj G [R-(T r% W)] so that for any lo,h, . . . , lj G {0, 1}, we have 



U. _ t la+2l 1 + ---+2H ] a rq ]M t -l a -2h 2 i l j _ a rq 



jM + l + 2i 1 H K2J'i, 



on the subset X(lo, l±, . . . , lj) x Y x Z of W^. Since a acts on X trivially, the map 
Uj is indeed an element of the full group [1Z(T rx W)]. 

Lemma 4.3. In the above notation, the following assertions hold: 
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(i) For any j G N, we have Uja — aUj on W , and Ujt — tUj on the subset of 
W, 

(A\ A(l,...,l)) xY x Z. 

3+1 

(ii) For any j G N, we have UjB. } nB 3 =0. 

Proof. Assertion (i) follows from the definition of Uj . For any j G N, we have 



Bj = \_\ i ((x n ) n , (y m ) m ,z) € W 



1=0 



M-l 



n=0 k=0 



The equation ~Y^ = q yjM+k+iq k = is equivalent to the condition that yjM+k+i = 
for any k £ {0,1, . . . ,M — 1}. Since we have chosen the number M so that q > r 
in the beginning of this subsection, for any j £ N, we have 



UjBj = [J <^ ((x n ) n , (y m ) m , z) e W 



i=0 



M-l 



Y Tx n = I, Y VjM+k+iq k = r 



n=0 k=0 



Assertion (ii) follows. □ 

Theorem 4.4. In the above notation, the sequence {Uj}j£fi is a non-trivial a.c. 
sequence for the action T rx (W,lo). The action T rx (W,oj) is therefore stable. 

Proof. It suffices to check the following three conditions: 

(1) For any B G Bw, we have \im,j uj(UjB A B) = 0. 

(2) For any g G T, we have linx, uj({ w G W \ Ujgw ^ gUjW }) = 0. 

(3) The sequence {Bj}j e ^ in Bw is an a.i. sequence for the action T rx (W, w), 
and we have u(UjBj A Bj) = 2q~ M for any j G N. 

The element a of T acts on (X, /i) trivially. Since a acts on (Y, v) by the g-adic 
odometer, for any sequence {nk}ken of positive integers and any A G By, we have 

lim v{a n " qk A A A) = 0. 

k— )-oo 

The convergence is uniform with respect to the sequence {rifej/cgN- Combining this 
with Lemma T4.ll (ii). we obtain condition (1). Condition (2) follows from Lemma 
14.31 fi). The former assertion in condition (3) has already been checked right after 
the proof of Lemma 14.21 The latter assertion follows from Lemma 14.31 (ii) . □ 

4.3. The case of p > 1. We assume p > 1. Fix a positive integer M with (pq) M > 
r. We set 

S = Y[{0,l,...,(pq) M -I}- 

N 

We have constructed the action of T on the standard probability space 
(Y» = (Y-,i/_) x (lb,!*) x (y+,i/+), 

where 

r_ = IJ{o,i,. Y Q = l[{o,i,..., P q-i}, r+ = JJ{o,i,...,p-i}. 

Let r act on X x Y diagonally. For each j G N, let 0j : X X Y — ► {0, 1, . . . ,pq — 1} 
be the projection onto the jth coordinate of Y . 
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We define a Borel map ir : X x Y — > S as follows. Pick an element 

A = {{x n ) ne ®, y) £ X x Y. 
For each j G N, the jth coordinate of 7r(A) € S, denoted by 7r(A)j, is defined by 

M-l 

tt(a)j = X! ^ +fc r x °- 2xi -- 23 ^A)(pg) fe , 

fc=0 

where we put dj = j + 2 J+1 . For each j G N, we set 

Cj = { (c 4 ) 4GN g 5 | Cj = } e B s , B 3 = tt" 1 ^) x2e6 ff . 

Lemma 4.5. In t/ie above notation, the following assertions hold: 



(i) For any j G N, we /iaue uj{Bj) = (pg) 



-A/ 



(ii) TTie sequence {Bj}j£N in Bw is an a.i. sequence for the action T rx (W,w) 
Proof. Fix jo G N. We set 



M-l 

fl = X(0, . . . , 0) and A = f| { (y_, ( W ) i6N , y+ ) eLxy xY + y rfjo+fc = }. 

The equality 7r _1 (Cj ) = | |f = ° 1 t l (Q x A) then holds. Assertion (i) follows. 

We prove assertion (ii). By the definition of tt, for any j G N, we have n(tX)j = 
7r(A)j for any element A of the subset 

(I\I(W))x7 

3+1 

of X x Y. We therefore have linij w(tBj A Bj) = 0. 
Let 9 : Y — > Yq be the projection. For K G N, we set 

y(X) = { V G y | 0(*- fe aj/) = 9(r k y), Vk>K}. 

Lemma T3.3I implies that Y — \J K&N Y(K). Pick £ > 0- Choose a number Kq G N 
with i/(y \ Y(K )) < e/2. For j G N, we set 

-Xj = { (i^neN G X I x + 2xi + h 2 j Xj > K }. 

Choose a number J G N such that for any j G N with j > J, we have fj,(X \ Xj) < 
e/2. For any j G N and any A G X, x y(i^o), we have 7r(oA)j = 7r(A)j. For any 
j G N, the inclusion 

thus holds. For any j G N with j > J, we have 

w(aBj \ B ) = (fi x ^(ott- 1 ^) \ 7r _1 (Cj)) <(/ix !/)((* x y) \ (X, x y(X ))) 

< M (X\X i )+K^\n^o))<£. 
We therefore obtain lim^ uj(aBj A Bj) = 0. Assertion (ii) is proved. □ 

For j G N, we define G [7£(r rv W)\ so that for any l , h, . . . , lj G {0, 1}, we 
have 

TJ. _ ^o+2hH h2 J /j a r(p 9 ) t! j^-;o-2/i 2 3 / 3 - 



a j — ' o — ' l ~ 

a' " 
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on the subset X(Iq, h, . . . ,lj) X Y X Z of W. Since a acts on X trivially, the map 
Uj is indeed an element of the full group [TZ{T rx W)]. 

Lemma 4.6. In the above notation, the following assertions hold: 

(i) For any j G N, we have Uja = aUj on W , and Ujt — tUj on the subset of 

w, 

(X\X(1,...,1)) xY x Z. 

i+i 

(ii) For any j G N, we have UjB n B 3 =0. 

Proof. Assertion (i) follows from the definition of Uj . For any j G N, we have 



Bj= U {X,z)GW 



1=0 



j M-l 
n=0 k=0 



where we put A = ((x n ) n< =n, y) G X x Y , Since we have chosen the number M so 
that (pq) AI > r in the beginning of this subsection, for any j € N, we have 



u j B j = y I (X,z)eW 



1=0 



M-l 



E ft » = '. E O dj+k (t- l \)(pq) k =r 



k=0 



Assertion (ii) follows. □ 

Theorem 4.7. In the above notation, the sequence {Uj}j£fs is a non-trivial a.c. 
sequence for the action T rx (W,ui). The action T rx (W, uj) is therefore stable. 

Proof. It suffices to check the following three conditions: 

(1) For any B G Bw, we have linr,- uj(UjB A B) = 0. 

(2) For any g G T, we have linij uj{{ w G W \ Ujgw ^ gUjW }) = 0. 

(3) The sequence {Bj}j £ ^ in Bw is an a.i. sequence for the action T r\ (W, uj), 
and we have oj(UjBj A Bj) = 2(pq)~ M for any j G N. 

The element a of T acts on (X,/i) trivially. Since a acts on (Yq,vq) by the (pq)- 
adic odometer, and acts on both (Y"_,z^_) and (Y + ,v + ) trivially, for any sequence 
{nk}keN of positive integers and any A G By, we have 

lim u{a nk{pq)h A A A) = 0. 

k— f oo 

The convergence is uniform with respect to the sequence {nfc}fc 6 N- For any j G N, 

we have a Borel partition X = |_|f_ 1 such that for any I G {0, 1, . . . , 2 3+1 — 1}, 
the restriction of Uj to A; x Y x Z is equal to a power of a, and its exponent is 
divisible by r(pq)i because dj — (2^ +1 — 1) > j. Combining this with Lemma [4.11 
(ii), we obtain condition (1). Condition (2) follows from Lemma l4~6l (i). The former 
assertion in condition (3) is proved in Lemma 14.51 (ii). The latter assertion follows 
from Lemma 14.51 (i) and Lemma 14.61 (ii) . □ 



Proof of Theorem ] Let p, q, r and T = BS(?'p, rq) be the symbols introduced 
in the beginning of this section. It is enough to show that for any two integers k, 
I with rp — \k\ and rq = \l\, the group BS(fc, /) has an ergodic, free, p.m. p. and 
stable action. We put A = BS(fc, I). If kl is positive, then T and A are isomorphic, 
and the desired assertion follows from Theorems 14.41 and 14.71 Assume that kl is 
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negative. There exists an index 2 subgroup of T isomorphic to an index 2 subgroup 
of A. In fact, if we have the presentations 

F=(a,t\ toTH- 1 = a rq ), A = ( b, u | u^u' 1 = b l }, 

then let Ti denote the subgroup of T generated by a, tat^ 1 and t 2 , and let Ai 
denote the subgroup of A generated by b, ubu -1 and u 2 . We then have [r : 1^] = 2 
and [A : Ai] = 2. The homomorphism ip from Ti into Ai with tp(a) = b, ipltat^ 1 ) — 
ub^ 1 ^ 1 and p(t 2 ) = u 2 is well-defined and is an isomorphism. 

Let r rx (W, oS) be the action constructed in Theorems 14.41 and 14.71 The subset 
W\ — X(0)xYx Z is Ti-invariant and has w-measure 1 /2. We can define an action 
of A on (W, u>) such that the associated equivalence relation is equal to that for the 
action T rx (W, w); the subset W\ is Ai-invariant; and the actions Ti rx W\ and 
Ai rx W\ are conjugate through the isomorphism ip. This action A rx (W, w) is a 
desired one. □ 

4.4. Stable actions of H. Let p, q, r, T = BS(rp,rq) and H be the symbols 
introduced in the beginning of this section. Let L rx (Y, v) and L rx (Z, £) be the 
actions constructed in Sections 14. 1H4.3I We set 

(w 1 ,«i) = (y,i/)x(z,o 

and define an action H rx (Wi,u>i) as the diagonal action, which is ergodic, p.m. p. 
and essentially free. 

Theorem 4.8. In the above notation, the action H rx {W\,uji) is stable. 

We construct a non-trivial a.c. sequence for this action. The argument is similar 
to and simpler than those in Sections 14.21 and 14.31 

Proof of Theorem \4-8\ in the case of p — 1. We define the positive integer M, the 
standard probability space a) and the odometer relation on (S, a) as in the 
beginning of Section |4~2"1 Define a Borel map r: Y — > S as follows. Pick an element 
V = (z/n)nez of Y. For each j € N, the jth coordinate of r(y), denoted by T(y)j, is 
defined by the formula 

M-l 

The equality t*v — a then holds. For a.e. y £ Y, we have r(Hy) C TZor(y) because 
the action H rx (Y, v) generates the odometer relation on (Y, v). 

For j £ N, let Cj = { (c.i) ie N e S | Cj = } be the Borel subset of S defined in 
Sectionl4~2"l Set A, = r _1 (Cj) xZ, For any j e N, we havewi^) = a(Cj) = q~ M . 
The sequence {Aj}j £ j$ is an a.i. sequence for the action H rx (Wi,uji). For j G N, 
we define an element Vj of [TZ(H rx W\)} by setting Vj — a rqJ on W\. The set Aj 
consists of all points (y, z) of W\ =YxZ with r(y)j = 0. The set VjAj consists of 
all points (y, z) of W\ with r(y)j = r because we assumed q M > r. It follows that 
VjAj n Aj = and wi(VjAj A Aj) = 2q~ M for any j E N. 

We now check the following three conditions: 

(1) For any A G Bw x , we have limj w\(VjA A A) = 0. 

(2) For any g G H, we have limj wi({ w G W\ \ Vjgw ^ gVjW }) = 0. 

(3) The sequence {Aj}j £ fi in Bw t is an a.i. sequence for the action H rx 
(Wi,ui), and we have Ui(VjAj A Aj) = 2q~ M for any j G N. 
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Condition (1) follows from Lemma [4.11 (ii) and that a acts on (Y, v) by the g-adic 
odometer. Condition (2) holds because for any g £ H, we have ga rq g" 1 — a rqk for 
any sufficiently large, positive integer k. Condition (3) has already been checked in 
the previous paragraph. We have shown that {Vj}j^jq is a non-trivial a.c. sequence 
for the action H rx (Wi,o>i). Theorem 14.81 in the case of p = 1 is proved. □ 

Proof of Theorem \4-8\ in the case of p > 1 . The proof of this case is similar to that 
in the case of p = 1. We hence give only a sketch of the proof. Let M be a positive 
integer with (pq) M > r, and define the standard Borel space 

s = IJ{o,i,..., (pq) M -i} 

N 

as in the beginning of Section 14.31 Let a be the probability measure on S defined 
as the direct product of the uniformly distributed probability measure on the set 
{0,1,..., {pq) M — 1}. Let Ho denote the odometer relation on (S, a) so that two 
elements (ci)i, (c^)i £ S are equivalent if and only if for any sufficiently large i e N, 
we have ci = c£. 

Define a Borel map t: Y — > S as follows. Pick an element y — (yi)ieN, y+) 
of Y = Y- x Y" x Y+. For each j £ N, the jth coordinate of r(y), denoted by r(y)j, 
is defined by the formula 

Af-l 

t (v)j = VjM+k(pq) k - 

k=0 

The equality t*v — a then holds. For a.e. y £ Y, we have r(Hy) C lZoT(y) because 
the action rv (y, z/) generates the equivalence relation Sq on (Y, v) defined right 
before Remark 13.21 

For j £ N, we set Cj = { (c t ) ie n £ S \ c 3 ■ — } and A. } = ^(Cj) x Z. We define 
an element Vj of [K(H rx Wi)] by Vj = a r ^y M on Wi. The sequence {Aj} ieN is 
then an a.i. sequence for the action H rx {W\,u)\). We have VjAj n Aj — and 
u>i(VjAj A Aj) = 2(pq)~ AI for any j G N. The sequence can be checked to 

be a non-trivial a.c. sequence for the action H rx (Wi,u>i) along the proof in the 
case of p = 1 . □ 

Remark 4.9. Let k and I be integers with rp = \k\ and rq — Set A = BS(fc, I) = 
( b, u | u6 fe u _1 =b l ). The normal subgroup of A generated by 6 is isomorphic to 
and therefore has an ergodic, free, p.m. p. and stable action by Theorem 14.81 

5. SEMI-DIRECT PRODUCTS ME TO DIRECT PRODUCTS 

Definition 5.1. Two discrete groups T and A are called measure equivalent (ME) 
if there exists a measure-preserving action of T x A on a standard Borel space £ 
with a a- finite positive measure m such that we have Borel subsets X, Y of S with 
m(X) < oo, m(Y) < oo and the equality X = |J 7e r(7' e )^ = UAeA( e >^)^ U P ^° 
m-null sets. 

ME is indeed an equivalence relation between discrete groups (see Section 
2]). It is known that two discrete groups T and A are ME if and only if there exist 
ergodic, essentially free and p.m. p. actions T rx (X,fj,) and A rx (Y,v) which are 
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weakly orbit equivalent, that is, we have Borel subsets A C X and B C Y with 
positive measure such that the two equivalence relations 

K(T rv X) n (A x A) and K{A r\Y)C\(B x B) 

are isomorphic (see [9l Section 3]). To prove Theorem 11.21 we need the following: 

Lemma 5.2. Let K . L and M be discrete groups. Let G — (K x L) x M fee a 

semi-direct product such that for any to € M, we have m(K x {e})m _1 = K x {e} 
and m({e} x L)m _1 = {e} x X. Suppose that we have a non-increasing sequence of 
finite index, normal subgroups of M , M = Mo > M\ > Mi > ■ ■ ■ , with K equal to 
the union of the centralizer of M n in K for n G N. 

We define H = K x (L x M) as the direct product of K with the subgroup Lx M 
ofG. Then G and H are ME. 

Proof. Pick free and p.m. p. actions K X M r\ (X, pi) and LmMa (Y, v) of the 
subgroups (or quotients) of G. We define Z as the projective limit lim M/M n and 
define £ as the normalized Haar measure on the compact group Z . We have the 
p.m. p. action of M on (Z, £) defined by left multiplication. We define an action of 
G on the direct product (W, oj) — (X, fj,) x (Y, v) x (Z, £) by the formula 

((k, I), m)(i, t/, z) = ((fc, m)a;, (Z, m)y, mz) 

for k G XT, Z G L, to e A/, i £ I, j £ 7 and z G Z. This action of G is free and 
p.m. p. 

For each n € N, let if ra denote the centralizer of M n in if as subgroups of G. 
Let 7r ra : Z — > M/M n be the canonical projection. We define an action of K n on 
(W,a>), denoted by a n , by the formula a n (k)w = mkm~ 1 w for fc G K n , m G M 
and w <E X x Y x ir~ 1 (mM n ). This action is well-defined and commutes with the 
action of M on (W, ia). For any n G N and any fc G K n , we have a„+i(fc) = a n (k). 

By assumption, if is equal to the union [J n K n . We can thus define an action 
of K on (W, u), denoted by a, by a(k)w = a n (k)w for k G K n and it) G W. This 
action a of if commutes with the action of the subgroup L x M on (W, w). We 
therefore obtain an action of H on (W, ui). This action is free and p.m. p., and gives 
rise to the same equivalence relation as that for the action of G on (W, oj). It follows 
that G and H are ME. □ 

Proof of Theorem Applying an argument of the same kind as in the proof of 
Theorem 11.11 we can reduce the proof of Theorem 11.21 to that in the case where p 
and q are integers with 2 < p < q. Let p and q be such integers. Let S be a set of 
prime numbers dividing neither p nor q. We may assume that S is non-empty. We 
set F = 1s and define A as the HNN extension of F relative to the isomorphism a 
hompF onto qF multiplying by q/p. Let t denote the element of A implementing a 
with the relation tbt^ 1 — a(b) for any b G pF. We will construct a locally compact 
and second countable group G containing a lattice isomorphic to A. 

Let T denote the Bass-Serre tree associated with the decomposition of A into 
the HNN extension. The set of vertices of T is A/F, and the set of edges of T is 
A/(qF). For A G A, the edge corresponding to X(qF) G A/(qF) joins the vertices 
corresponding to XF, XtF G A/F. We introduce an orientation of T so that for each 
A G A, the vertex corresponding to XF is the origin of the edge corresponding to 
X(qF). The group A acts on T by left multiplication, as simplicial automorphisms 
preserving this orientation. Let Aut(T) denote the group of orientation-preserving 
simplicial automorphisms of T, which is locally compact and second countable. We 
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have the homomorphism i: A — > Aut(T) associated with the action of A on T. 
We also have the continuous homomorphism 7r: Aut(T) — > Z with n(i(t)) = 1 and 
n((p) = for any element ip of Aut(T) fixing a vertex of T. 

For a prime number r, let Q r denote the quotient group Q r /Z r , which is regarded 
as a discrete group. We define Q as the direct sum (Br^sQr- For each r E S, since 
neither p nor q is divisible by r, the multiplication by q/p induces an automorphism 
of Q r . We define an action of Aut(T) on Q x R by automorphisms, by the formula 

V((x r )res,y) = {{{q/pY^x^resMIPY^y) 

for tp £ Aut(T), (x r ) r( zs £ Q and y £ R. Let G denote the associated semi-direct 
product (Q x K) xi Aut(T). 

We define a homomorphism r : A — > G by 

r(b) = ((([6]r)r 6 s, 6), *(&)), r(t) = ((0, 0), *(*)) 

for any 6 £ F, where [6] r denotes the equivalence class of b in Q r for r £ 5. The 
homomorphism r is injective. The image r(A) is a lattice in G with {0} x [0, 1) x Kq 
a fundamental domain, where Kq is the stabilizer in Aut(T) of the vertex of T whose 
stabilizer in A is equal to F. 

Let E be the infinite cyclic subgroup of F generated by the multiplicative unit of 
the ring F. We define T as the subgroup of A generated by E and t. The group T is 
the HNN extension generated by E and t and whose relations are tbt^ 1 = a(b) for 
any b £ pi?. It follows that V is isomorphic to BS(p, q). The image r(T) is a lattice 
in the subgroup ({0} x M) x Aut(T) of G, with {0} x [0, 1) x K a fundamental 
domain. Let A be the subgroup of G generated by Q and r(r). The group A is 
written as the semi-direct product 

(Q x i(ker(?roi) nT)) x 

and is a lattice in G with {0} x [0, 1) x Kq a fundamental domain. It turns out 
that A and A are ME. Since Q is an increasing union of finite subgroups invariant 
under the action of i(t), by applying Lemma [521 we see that A and QxT are ME. 
The groups A and Q xT are therefore ME. By Theorem ll.il A and T are ME. □ 

We end this section with another application of Lemma 15.21 and a comment on 
Monod-Shalom's class . Let p and q be coprime integers with 1 < p < q. Let r 
be a positive integer with rp > 2. Define the group G = G{p, q) as in the beginning 
of Section [31 Set 

T = BS(rp, rq) = (a,t\ ta^r 1 =a rq ). 

We define the homomorphism e: T — > G and the subgroups H, N of T as in the 
beginning of SectionH) We set E = (a) and define L as the subgroup e~ 1 (e(E)) of 
H, which is the semi-direct product N x (a). 

Proposition 5.3. Let i 7 ^ denote the free group of countably infinite rank. Then 
L and F^ x Z are ME. 

Proof. The group N is free because it acts on the Bass-Serre tree associated with 
r freely. For k £ N, we denote by Zk the centralizer of N. We then have 

the equality N = lJ fceN Zk- Since this union is strictly increasing, the group N is 
not finitely generated. It turns out that N is isomorphic to F^o. The proposition 
follows from Lemma 15. 2 1 □ 
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Remark 5.4. Monod-Shalom [18] introduced Class consisting of all discrete 
groups A such that for some mixing unitary representation 7r of A on a Hilbcrt 
space, the second bounded cohomology group of A with coefficient n is non-zero. 
They proved the following three assertions: 

• For any discrete group A in any infinite normal subgroup of A belongs 

to <e. 

• Whether a discrete group belongs to or not is invariant under ME. 

• No amenable group belongs to ^ . 

We refer to PS Proposition 7.4], [TSJ Corollary 7.6] and [HI Proposition 7.10 (i)] 
for these assertions, respectively. Combining these results with Proposition 15. 3[ we 
see that none of L, H and T belongs to ^ . Although the above Monod-Shalom's 
results on ^ and Theorem 1 1 . 1 1 also imply that V does not belong to the proof 
of this fact through Proposition 15 . 31 is much simpler. 

6. Stable actions of Vaes groups 

The following construction of the group G is a slight generalization of the original 
one due to Vaes [23] (see Remark 16.21 for the group discussed in [23] ) . 

Construction of a group. We follow the notation in [33]. For o£N, let H n be a 
non-trivial finite group, and let E n be a discrete group. Let A be a discrete group 
acting on H n by automorphisms for each n G N. We denote this action as A ■ h for 
A e A and h G H n , using a dot. Set K = ® n ^H n . Let A act on K diagonally, that 
is, for A e A and h = (h n ) ne m E K, we have A • h = (A • h n ) ne m. For each JVeN, 
let Kpf be the subgroup of K defined by Kn = ®^=piH n . We set Go = K xi A and 
inductively define a group Gn+i as the amalgamated free product 

Gn+i = Gn *k n (Kn x E N ), 

where Kn is regarded as a subgroup of Gn through the inclusion Kn < K < Gq < 
Gn, and Gat is naturally a subgroup of Gn+i- Let G denote the inductive limit of 
the increasing sequence of groups, Go < G\ < G2 < • • • . 

For any N € N, we have the homomorphism ejv : Gn+i Gn that is the identity 
on Gn and sends En to the neutral element. We thus obtain the homomorphism 
e : G — > Go that is equal to eo o ei o ■ ■ ■ o en on Gn+i for any N g N. Let S: G — > A 
denote the composition of e and the quotient map from Go onto A. 

Construction of an action. The construction is similar to that in Section [4j For 
each n € N, let A„ denote the subgroup of A consisting of all elements acting on 
Hi trivially for any i G N with i < n. Wc define X as the projective limit Km A/A„ 
and define fi as the normalized Haar measure on the compact group X. We have 
the action A r\ (X, /.i) defined by left multiplication. Let G act on (X, /j.) through 
the homomorphism S : G — > A. 

We set Zq = rineN H n and denote by £0 t ne normalized Haar measure on the 
compact group Zq. Let K act on Zq by left multiplication. We set 

(z,o= h(zq,zq) 

G/K 

and define a p.m. p. action of G on (Z, £) as the action co-induced from the action 
of K on (Zq,£q). Since the action K rx (Zo,£o) is essentially free, so is the action 
G rx (Z,£). If kere is infinite, then the action kere rx (Z,£) is ergodic because 
kere acts on G/K freely. 
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We set (Y,u) = (Zo,^o). The group A acts on the group Y by automorphisms, 
and K acts on Y by left multiplication. We then obtain the action Go rx (Y, v) . 
Let G act on (Y, v) through the homomorphism e: G ^ Go- 

We set 

(W,u;) = (X,^x(Y,u)x(Z,0 

and define a p.m. p. action G rx (W, u>) as the diagonal action so that for g G G and 
w = (x, y, z) G W, we have gw — (gx, gy, gz). The action G rx (W, w) is essentially 
free, and is ergodic if ker e is infinite. 

Theorem 6.1. In the above notation, we assume that kere is infinite. Then the 
action G rx (W } co) is stable. 

Proof. For each n G N, let t„ : X — > A/A„ be the canonical projection. We define 
a Borcl map n : W — > Y as follows. Pick w = (x, y,z) G W and ueN. Choosing 
A G A with x G T~ 1 (\A n ), we define the nth coordinate of ir(w), denoted by Tr(w) n , 
as ir(w) n = A -1 • y ni where y n denotes the nth coordinate of y. This is well-defined 
because A„ acts on H n trivially. We can check the following: 

(i) The equality it*lu = v holds. 

(ii) The map 7r: W — > Y is A-invariant and (ker e)-invariant. 

(iii) For any w G W, we have tt(Kw) — Kir(w). 

We now construct a non-trivial a.c. sequence for the action G rx (W, w). For 
each n G N, fix a non- neutral element h n of H n . We choose a subset /„ of H n with 
h n I n n /„ = and \I n \ > \H n \/3. Such an /„ is obtained as follows. Let M be the 
least integer with M > \H n \/3. Wc define elements of H n , l\, . . . , Im, inductively. 
Pick an arbitrary element l\ of H n . Let m be a positive integer with m < M. If 
li, . . . , l m are defined, then we set L m = {li, . . . , l m }. The set 

H n \ (h n 1 L m U L m U h n L m ) 

is non-empty because m < \H n \/3. Let l m +i be an element of this set. We defined 
h, ■ ■ ■ ,1m <S H n , and set I n = . . . , Im}- This is a desired set. 
We set 

C„ = { (y m ) meN G Y | y n G /„ } G B Y , B n = tt" 1 ^) g B w . 

Define an element U n of [1Z(G rx W)\ by U n = A/i„A _1 on r r 7 1 (AA n ) xYxZ with 
A G A. This is well-defined because A„ acts on H n trivially. We check the following 
three conditions: 

(1) For any A G Bw, we have lim„ uj(U n A Ai) = 0. 

(2) For any g G G, we have lim„ w G W | J7„gw 7^ gU n w }) = 0. 

(3) The sequence {-B«}„gn in £w is an a.i. sequence for the action G r> (W, u), 
and we have u(U n B n A i?„) > 2/3 for any n G N. 

Let {7n}neN be a sequence with 7„ G -ff n for any n G N. Pick g E G and choose 
iVeN with g G Gat. For any n G N with n > N - 1, we have g~ x ^ n g G i?„. We 
therefore have lim„ ^("fnD AD) = for any D G Bz- By the definition of the action 
of K on y, we have lim n f (7„G AC) =0 for any G G By- These convergences are 
uniform with respect to the sequence {7 n }neN- The action of K on X is trivial. 
Condition (1) follows. 

For any n G N, by definition, U n commutes with any element of A. For any 
to G N, if n G N is bigger than to, then U n commutes with any element of H m and 
E m . Since G is generated by A, H m and E m for all m G N, condition (2) follows. 
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The sequence {C n }neN in By is an a.i. sequence for the action K rx (Y,v). 
Conditions (i)-(iii) and Lemma 12. II imply that {-B n }rc,eN is an a.i. sequence for the 
action G rx (W,w). For any n 6 N, we have ui(U n B n A B n ) = \h n I n A I n \/\H n \ > 
2/3. Condition (3) is proved. 

Conditions (l)-(3) show that {C/„} rae N is a non-trivial a.c. sequence for the action 
G rx (W,lj). The theorem follows from Theorem 12.21 □ 

Remark 6.2. Vaes [23^ showed that G is inner amenable, the conjugacy class of 
any non-neutral element of G in G is infinite, and the von Neumann algebra of G 
does not have property Gamma, under the following assumption: We choose an 
arbitrary sequence of mutually distinct prime numbers, {p n }n£N- For each n G N, 
we set H n = (Z/p„Z) 3 and E n = Z, and set A = SL(3, Z). The group A naturally 
acts on H n by automorphisms. Theorem 16.11 therefore implies Theorem II .31 
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